In this paper we prove the existence of central configurations of the pnbody problem where the masses are at the vertices of p nested regular n-gons with a common center for all p ≥ 2 and n ≥ 2. In such configurations all the masses on the same n-gon are equal, but masses on different n-gons could be different.
Introduction
We consider the planar N -body problem
where q k ∈ R 2 is the position vector of the punctual mass m k in an inertial coordinate system, and G is the gravitational constant which can be taken equal to one by choosing conveniently the unit of time. By fixing the center of mass are the potential and the moment of inertia of the problem, respectively. Then by the Euler's Theorem on homogeneous functions (see for instance [6] ), any real solution of (1.1) will necessarily have λ > 0 because λ = U/(2I ). The simplest known planar central configuration of the N -body problem for N ≥ 2 is obtained by taking N equal masses at the vertices of a regular N -gon. We cannot find in the literature who was the first in knowing such planar central configurations. It is also known the existence of planar central configurations for the pn-body problem with p = 2 where the masses are at the vertices of two nested homothetic regular n-gons with a common center. In such configurations all the masses on the same n-gon are equal but masses on different n-gons could be different. It seems that the first in studying these nested planar central configurations was Longley [3] in 1907, later on in 1927 and 1929 Bilimovithc (see [1] ) and in 1967 Klemplerer [2] also studied them. More recently they have been also studied by Moeckel and Simó in [5] and by Zhang, Xie and Zhou in [7, 8] . For p = 3 and p = 4 some results on p nested regular N -gons central configurations are given by Llibre and Melo in [4] .
In this paper we shall prove the following result. 
Equations for the Nested n-gons Central Configurations
Given p, n ∈ N with p, n ≥ 2, we consider pn masses at the vertices of p nested homothetic regular n-gons with a common center. In order to simplify our computations we write the positions q k ∈ R 2 of the vertices of the regular n-gons as points of the complex plane. Let m ( −1)n+k = μ and let q ( −1)n+k = r e iα k with α k = 2π(k − 1)/n for all = 1, . . . , p and k = 1, . . . , n. That is, we assume that the masses on the -th nested n-gon are equal to μ and that the vertices of the -th nested n-gon are q k = r e iα k for all k = 1, . . . , n with r < r +1 for all = 1, . . . , p − 1. Using this notation the pn Eq. (1.1) become 
for k = 1, . . . , n. By using the symmetry of the configuration, this system of pn equations can be reduced to an equivalent system with only p independent equations. Indeed, by dividing each equation of the system by e iα k , we get
where
. . .
for k = 1, . . . , n. After some simplifications we get Without loss of generality we can take the unit of mass and length so that μ 1 = 1 and r 1 = 1, respectively. Then system (2.1) can be written as a linear system of equations in the variables λ and μ i for i = 2, . . . , p of the form A x = b which is given by 1,2 c 1,3 . . . c 1 
Two Nested n-gons
For p = 2 it is known that for every μ 2 there exists a unique ratio r 2 for which the configuration of two nested n-gons is central, see for instance [5] . More precisely, for p = 2 system (2.4) becomes
Isolating λ of the first equation of system (3.1) and substituting it into the second one we get
Taking μ = 1/μ 2 and x = 1/r 2 , this equation is equivalent to equation h(x) = 0, where
Notice that the expression of h(x) obtained here coincides with the expression of h(x) defined on page 983 in [5] . In [5] the authors proved that lim x→0 + h(x) = −∞, lim x→1 − h(x) = +∞, and that h(x) is an increasing function of x for all 0 < x < 1. Therefore for each μ > 0 there exists a unique 0 < x μ < 1 such that h(x μ ) = 0. Moreover the function x μ (μ) is injective because d x μ /d μ > 0 (see again [5] ).
We remark that the increasing character of h(x) follows from the following lemma. In the initial variables μ 2 and r 2 , we have that for each μ 2 > 0 there exists a unique r 2 (μ 2 ) > 1 such that h(μ 2 , r 2 (μ 2 )) = 0; that is, for each μ 2 > 0 there exists a unique r 2 (μ 2 ) > 1 satisfying (3.1). Since c 2,1 > 0 and μ 2 > 0, from the second equation of (3.1) we have that λ > 0. Therefore this solution gives a central configuration of two nested n-gons. On the other hand r 2 (μ 2 ) is an injective function, so fixed a value of r 2 > 1, (3.1) has a unique solution with λ > 0 and μ 2 > 0.
p-Nested n-gons for All p > 2
In order to prove Theorem 1.1 we claim that there exist 1 < r 2 < r 3 < · · · < r p such that system (2.4) has a unique solution
In Sect. 3 we have seen that the claim is true for p = 2. Next we prove the claim by induction. That is, we assume that the claim is true for p − 1 n-gons and we shall prove it for p n-gons.
Assume by induction hypothesis that 1 < r 2 < r 3 < · · · < r p−1 are such that system (2.4) with p − 1 instead of p has a unique solution λ = λ( r 2 , . . . , r p−1 ),
We need the next result. Proof Since μ p is taken equal to 0, we have that the first p − 1 Eq. of (2.4) are satisfied when λ = λ, μ k = μ k for k = 2, . . . , p − 1 and μ p = μ p = 0. Moreover, substituting this solution into the last Eq. of (2.4), we get equation
Using ( By using the Implicit Function Theorem we shall prove that the solution of (2.4) given in Lemma 4.1 can be continued to a solution with μ p > 0.
Let s = (λ, μ 2 , . . . , μ p , r 2 , . . . , r p ) , we define
Using this notation system (2.4) can be thought as system g i (s) = 0 for i = 1, . . . , p. Let s = ( λ, μ 2 , . . . , μ p , r 2 We have just proved that for all t = (μ, r 2 , . . . , r p−1 ) ∈ V , system (2.4) has a solution λ = λ(t), μ k = μ k (t) for k = 2, . . . , p − 1 and μ p = μ satisfying that λ > 0 and μ k > 0 for all k = 2, . . . , p and such that λ( t) = λ, μ k ( t) = μ k for k = 2, . . . , p − 1 and r p ( t) = r p with t = (0, r 2 , . . . , r p−1 ) . It only remains to prove that this is the unique solution of (2.4) for 1 < r 2 < · · · < r p−1 < r p (t). Obviously, if
